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Abstract 

In this paper, we first propose a new concept of almost periodic time scales, a 
new definition of almost automorphic functions on almost periodic time scales, and 
study some their basic properties. Then we prove a result ensuring the existence of 
an almost automorphic solution for both the linear nonhomogeneous dynamic equation 
on time scales and its associated homogeneous equation, assuming that the associated 
homogeneous equation admits an exponential dichotomy. Finally, as an application 
of our results, we establish the existence and global exponential stability of almost 
automorphic solutions to a class of shunting inhibitory cellular neural networks with 
time-varying delays on time scales. Our results about the shunting inhibitory cellular 
neural network with time-varying delays on time scales are new even for the both cases 
of differential equations (the time scale T = M) and difference equations (the time scale 
T = Z). 
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1 Introduction 

The theory of time scales was initiated by Hilger [I] in his Ph.D. thesis in 1988, which 
can unify the continuous and discrete cases. The theory of dynamic equations on time scale 
contains, links and extends the classical theory of differential and difference equations. In 
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the recent years, there has been an increasing interest in studying the existence of periodic 
solutions and almost periodic solutions of various dynamic equations on time scales; we refer 
the reader to the papers [2-23]. 

The concept of almost automorphy was introduced in the literature by S. Bochner in 1955 
in the context of differential geometry [24] (see also Bochner [25] 26]). Since then, this concept 
has been extended in various directions. 

Remark 1.1. Although every almost periodic function is almost automorphic, the converse, 
however, is not true. 

In order to study almost periodic, pseudo almost periodic and almost automorphic dy¬ 
namic equations on time scales, the following concept of almost periodic time scales was 
proposed in [27]. 

Definition 1.1. [2‘ A time scale T is called an almost periodic time scale if 

n={reR:t±r6 T,Vt G T} ^ {0}. 

Based on Definition 11.11 almost periodic functions [27], pseudo almost periodic functions 
[28], almost automorphic functions [29. !30j and weighted piecewise pseudo almost automorphic 
functions [3TJ on time scales were defined successfully. For example, the authors of [30] 
proposed the following concept of almost automorphic functions on time scales. 

Definition 1.2. 130] Let T be an almost periodic time scale and X be a Banach space. A 
bounded continuous function f : T —» X is said to be almost automorphic, if for every sequence 
(s n ) C II, there is a subsequence (s n ) C (s n ) such that 

lim f(t + s n ) = f{t) 

n—>oo 


is well defined for each t G T, and 


lim f(t - s n ) = f(t) 

n—>• oo 


for each t G T. 

A continuous function f : T x X —y X is said to be almost automorphic if f(t, x) is almost 
automorphic in t E T uniformly in x G B, where B is any bounded subset ofX. 

Since the concept of almost periodic time scales in sense of Dehnition ll.ll is very restrictive 
in the sense that it is a kind of periodic time scale (see 0)- This excludes many interesting 
time scales. Therefore, it is a challenging and important problem in theories and applications 
to find a new concept of almost periodic time scales. 

Motivated by the above discussions, our main aim of this paper is to propose a new concept 
of almost periodic time scales and a new definition of almost automorphic functions on almost 
periodic time scales, and to study the existence of an almost automorphic solution for both 
the linear nonhomogeneous dynamic equation on time scales and its associated homogeneous 
equation. As an application of our results, the existence and global exponential stability of 


2 



almost automorphic solutions to a class of shunting inhibitory cellular neural networks with 
time-varying delays on time scales is established. 

The organization of this paper is as follows: In Section 2, we introduce some notations and 
definitions and state some preliminary results which are needed in later sections. In Section 
3, we first introduce a new concept of almost time scales and a new definition of almost 
automorphic functions on time scales, then we discuss some of their properties. Finally, we 
propose two open problems. In Section 4, we prove a result ensuring the existence of an 
almost automorphic solution for both the linear nonhomogeneous dynamic equation on time 
scales and its associated homogeneous equation, assuming that the associated homogeneous 
equation admits an exponential dichotomy. In Section 5, as an application of our results, we 
establish the existence and global exponential stability of almost automorphic solutions to a 
class of shunting inhibitory cellular neural networks with time-varying delays on time scales. 
Finally, we draw a conclusion in Section 6. 

2 Preliminaries 

In this section, we shall first recall some fundamental definitions, lemmas which are used 
in what follows. 

A time scale T is an arbitrary nonempty closed subset of the real set M with the topology 
and ordering inherited from M. The forward jump operator a : T —y T is defined by a(t) = 
inf {s G T, s > t] for all t G T, while the backward jump operator p : T — * T is defined 
by p(t) = sup js G T, s < f} for all f G T. Finally, the graininess function p : T —>■ [0, oo) 
is defined by p(t) = a(t) — t. A point i G T is called left-dense if t > inf T and p(t) = t, 
left-scattered if p(t) < t, right-dense if t < supT and a(t ) = t, and right-scattered if a(t) > t. 
If T has a left-scattered maximum m, then T k = T \ {m}; otherwise T k = T. If T has a 
right-scattered minimum m, then T*, = T \ {?n}; otherwise T*, = T. A function / : T —> M is 
rd-continuous provided it is continuous at right-dense points in T and its left-side limits exist 
at left-dense points in T. The set of all rd-continuous functions / : T —* M will be denoted 
by C r d = C r d( T) = C r d(T, M). A function r : T —» M is called regressive if 1 + p(t)r(t) ^ 0 
for all t G T fc . The set of all regressive and right-dense continuous functions r : T — » M 
will be denoted by 1Z = 1Z(Y) = 1Z(T,R). We define the set 1Z + = 1Z + (T, M) = {r G 1Z : 
1 + p(t)r(t) > 0, Vt G T}. Let A be an m x n-matrix-valued function on T. We say that 
A is rd-continuous on T if each entry of A is rd-continuous on T. We denote the class of 
all rd-continuous mxn matrix-valued functions on T by C r d = Cy^TT) = C r d(T, R mxn ). An 
n x n-matrix-valued function A on a time scale T is called regressive (with respect to T) 
provided (1 + p(t)A(t)) is invertible for all t G T k . The set of all regressive and rd-continuous 
functions is denoted by 7 Z = 1Z( T) = 7l(T 1 W lxn ). For more knowledge of time scales, one 
can refer to (32j [33]. 

Definition 2.1. (03 ) Let x G M” and A(t) be an nx n rd-continuous matrix on T, the linear 
system 


x A (t) = A(t)x(t), t G T 


( 2 . 1 ) 
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is said to admit an exponential dichotomy on T if there exist positive constants k , a, a pro¬ 
jection P and a fundamental solution matrix X(t) of (12.111 . satisfying 


| X(t)PX 1 (o r (s))| < ke ea (t,a(s)), s, t G T, t > cr(s), 

I X(t)(I - P)X _1 (cr(s))| < ke ea (cr(s),t), s,t G T,t < a(s), 

n n 

where \ ■ \ is a matrix norm on T, that is A = ( aij) nxn , then we can take |2L| = I1 2 )^) - 

i=i j= i 


Definition 2.2. I35 J Let Ti and T 2 be two time scales, we define 

dist(T 1 ,T 2 ) = max{sup {dist(i, T 2 )}, sup {dist(i, T x )}} 
teTi te t 2 

where, dist(i, T 2 ) = inf {| t — s|}, dist(t, = inf {\t — s|}. Let tgK and T be a time scale, 

sGT 2 sgTi 

we define 

dist(T, T r ) = max{sup {dist(t, T t ) j, sup |dist(t, T) j}, 

tgT te T r 

where T r := T D {T — r} = T D {t — r : Vt G T} ? dist(t, T r ) = inf {11 — s|}, dist(f, T) = 

sgT r 

Definition 2.3. f35j A time scale T is called an almost periodic time scale if for every e > 0, 
there exists a constant 1(e) >0 such that each interval of length 1(e) contains a r(e) such that 
T r t - and dist(T, T r ) < e, that is, for any e > 0, the set n(T, e) = {r e M, dist(T, T r ) < e} 
is relatively dense, r is called the e-translation number of T. 

Obviously, if T is an almost periodic time scale, then inf T = — oo and supT = +oo, if T 
is a periodic time scale (see [25]), then dist(T, T r ) = 0, that is T = T r . 

Remark 2.1. One can easily see that if a time scale is an almost time scale under Definition 
li.il then it is also an almost time scale under Definition 12. A 

Lemma 2.1. I35j Let T be an almost periodic time scale under Definition ] 2. A. then 
(i) if t € II(T, e), then t + r G T for all t G T r ; 

(ii) if e i < e 2 , then II(T, £\) C n(T,e 2 ); 

(in) if t G II(T,e), then — r G II(T, e) and dist(T r ,T) = dist(T_ T , T); 

(iv) if r 1; r 2 G II (T, e), then T\ + r 2 G II (T, 2e). 
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3 Almost time scales and almost automorphic functions 

In this section, we first introduce a new concept of almost time scales and a new definition 
of almost automorphic functions on time scales, then we discuss some of their properties. 

Definition 3.1. A time scale T is called an almost periodic time scale if 

(i) n := {r G R : T r ^ 0} ^ {0} and T ^ 0, 

(ii) if Ti, r 2 G II, then T\ ± r 2 G II, 

where T r = T fl {T — r} = T D {t — r : Vt G T} and T = p| T r . 

tEII 

It is obvious that if r G II, then ±r G II and f ± r G T for all t G T. 

Remark 3.1. Noticing the fact that II = {r G M : T r ^ 0} D II(T, e), from Lemma\fL H one 
can easily see that if a time scale is an almost time scale under Definition Iff.ffl then it is also 
an almost time scale under Definition Id. 11 

Definition 3.2. Let T be an almost periodic time scale and X be a Banach space. A bounded 
rd-continuous function f : T —* X is said to be almost automorphic, if for every sequence 
(s n ) C II, there is a subsequence (s n ) C (s n ) such that 

lim f{t + s n ) = f{t) 

n—too 


is well defined for each t G T, and 


lim f(t - s n ) = fit) 

n—too 


for each t G T. 

Denote by AA(T, X) the set of all almost automorphic functions on time scale T. 

Remark 3.2. From Definition Id.^l one can easily see that if a function f : T —> X is an 
almost automorphic function under Definition II.dl then it is also an almost automorphic 
function wider Definition Iff. HI 

Lemma 3.1. Let T be an almost periodic time scale and suppose /, fi, f 2 G AA(T, X). Then 
we have the following 

(i) /1 + / 2 G AA{Y, X); 

(ii) af G AA(T,X) for any constant a G R; 

(in) f c (t) = f(c + t) G AA(T, X) for each fixed c G T. 
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Proof, (i) Let /i ,/2 G AA(T, X). Then, for every sequence (s^) C n, there is a subsequence 
(s„) C (s n ) such that 

lim /i(t + s n ) = fi{t) and lim f 2 (t + s n ) = f 2 (t) 

n—> oo n—>oo 


are well defined for each t E T, and 

lim fi{t - s n ) = fiit) and lim f 2 (t - s n ) = f 2 (t) 

n—>oo n—>• oo 


for each t G T. Therefore, we obtain 

lim (/i + / 2 )(£ + Sre) = Ibn {fi(t + s n) + / 2 (^ + s n )) = /i(t) + / 2 (t) 


is well dehned for each t 6 T, and 


lim if x + f 2 )(t - s n ) = lim (/i(t - s n ) + f 2 (t - s n )) = fi(t) + f 2 (t) 


for each t G T. 

iii) Since / G AA(T, X), then for every sequence (s n ) C II, there is a subsequence (s n ) C 
(s n ) such that 

lim (af)(t + s n ) = lim a fit + s n ) = a fit) = (a/)(t) 

n—>• oo n—»■ oo 

is well dehned for each t 6 T, and 

lim (af)(t - s n ) = lim a fit - s n ) = a fit) = (a/)(t) 

n —^oo n —^oo 


for each t G T. 

(m) It follows from / G yL4(T, X), c G T that for every sequence (s n ) C II, there is a 
subsequence (s n ) C (s n ) such that 

lim f c (t + s n ) = lim /((c + £) + s n ) = /(c + £) = f c (t) 

n—>• oo n—>• oo 

is well dehned for each 1 G T, and 

lim f c (t - s n ) = lim /((c + £) - s n ) = /(c + t) = / c (t) 

n—>-oo n—>• oo 


for each t G T. The proof is completed. | 

Lemma 3.2. Let T be an almost periodic time scale and functions /, f : T —* X be almost 
automorphic, then the function ff : T —> X defined by i<t>f)(t) = fit)fit) is also almost 
automorphic. 
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Proof. Both functions <f> and / are bounded since they are almost automorphic. So we let 

I\\ = sup \\(f(t)\\. 

te t 

Let the sequence ( s n ) C LI, then there exists a subsequence (s n ) C (s n ) such that lim <f>(t+ 

71^-00 

s n) = is dehned for each t E T and lim <f>(t — s") = <p{t) for each t E T. Since / is 

n^-oc 

almost automorphic, there exiats a subsequence (s n ) C (s ) such that lim f(t + s n ) = /(£) 

n—> oo 

is well dehned for each t E T and lim f(t — s n ) = fit) for each t E T. 

n—»• oo 

Now, we have 

II0(< + s n )/(i + s n ) - (fit)fit) || 

< II (fit + s n )fit + s n ) - (fit + s n )fit)\\ + II (fit + s n )fit) - (fit)fit) II 

< K\\\fit + s n ) — /(t)|| + K 2 \\(fit + s n ) — 0(t)|| 

< iI<l + K 2 )£ 

for n sufficiently large, where K 2 = sup ||/(t)|| < oo. Thus, we obtain 

te t 

lim (fit + s n )fit + s n ) = (fit)fit) 

71—)■ OO 

for each t E T. 

It is also easy to check that 

lim (fit - s n )fit - s n ) = (fit)fit) 

n—>■ oo 

for each t E T. The proof is now complete. | 

Lemma 3.3. Let T be an almost periodic time scale and (/ n ) be a sequence of almost auto¬ 
morphic functions such that lim /„(£) = fit) converges uniformly for each t E T. Then, f is 

n—>• oo 

an almost automorphic function. 

Proof. Let the sequence is' n ) C II. As in the standard case of the almost automorphic 
functions the approach follows across the diagonal procedure. Since f± E AA(T, X), then 
there exists a subsequence (si 1 )) C is n ) such that 

lim /i(t + 4 1} ) = /i(t) 

n—> oo 

is well dehned for each t E T, and 

lim /i(t - s i 1} ) = fiit) 

n—>oo 

for each t E T. Since f 2 E AA(T,X), then there exists a subsequence (si, 2 ' 1 ) C (<Sn' > ) such that 

lim f 2 (t + 4 2) ) = / 2 (t) 

n—> oo 
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is well defined for each t G T, and 


lim f 2 (t - 4 2) ) = f 2 (t) 

n—>oo 

for each f 6 T. Following, by this procedure, we can construct a subsequence (si" 1 ) 
such that 

lim fi(t + s£°) = fi(t) 

71—>00 

for each t G T and for all i — 1,2,.... Let us consider 

ii/iW - imii < haw - /.(t+4” , )ii + n/.(*+4”’) - /y+4” , )ii 

+H/i(* + 4 n) )-/iWII- (3-2) 

By the uniformly convergence of (/ n ), for any e > 0, we can find N = N(e) G N sufficiently 
large such that for all i, j > N, we have 

+ 4”’) - /j( ( + 4” > )ll < e (3.3) 

for all t G T and all n — 1,2,.... 

Hence, taking f, j sufficiently large in (13.21) and using (13.31) and the limit (13.11) . we can 
conclude that {fi(tj) is a Cauchy sequence. Since X is a Banach space, then (/j(t)) is a 
sequence which converges pointwisely on X. Let /(t) be the limit of (/j(f)), then for each 
i — 1,2,..., we have 

ll/(* + 4b - mw < II fit + 4 n) ) - Ml + 4”>)|| + ||/,(i + 4” 1 ) - 7,(011 

+ Il7i(t)-/(0I|. (3.4) 

Then, for i sufficiently large, by (j3.4[) and using the almost automorphicity of and the 
convergence of the functions fi and fi, we obtain 

lim f(t + si n) ) = /(f) 

71—>00 

for each f G T. Similarly, we can get 

lim f(t - 4">) = /(0 

71—>-00 

for each f G T. This completes the proof. | 

Lemma 3.4. Let T be an almost periodic time scale and X, Y be Banach spaces. If f : T —> X 
is an almost automorphic function and p : X —> Y is a continuous function, then the composite 
function tp o f : T —> Y is an almost automorphic function. 


c (4) 

(3.1) 








Proof. Since / G AA(T, X), then for every sequence (s^) C II, there exists a subsequence 
(s n ) C (s^) such that lim f(t + s n ) = f(t ) is well defined for each t G T and lim f(t — s n ) = 

71 —>• oo n—>oo 

f(t ) for each tel. 

By the continuity of function <p, it follows that 

lim (p(f(t + s n )) = ip{ lim f(t + s n )) = (<p o f)(t). 

n— >00 7i —>00 

On the other hand, we can get 

lim (p(f(t - s n )) = <p( lim f(t - s n )) = (<p o f)(t) 

n —>-00 71 —yoo 

for each tel. Thus, ip o / e AA(T, Y). The proof is complete. | 

Definition 3.3. Let T be an almost periodic time scale and X be a Banach space. A bounded 
rd-continuous function f : T x X —> X is said to be almost automorphic, if for any sequence 
(s n ) C II. there is a subsequence (s n ) C (s n ) such that 

lim f(t + s n ,x) = f (t, x) 

71—>00 

is well defined for each t G T, t + s„ E T, x G X, and 

lim f(t - s n ,x) = f(t,x) 

71— >00 

for each t G T, x G X. 

Denote by AA(Y x X, X) the set of all such functions. 

Remark 3.3. From Definition \3.3l one can easily see that if a function f : T x X —y X is 
an almost automorphic function under Definition 1 1. 2i then it is also an almost automorphic 
function under Definition 13.31 

Lemma 3.5. Let f G AA(T x X, X) and f satisfy the Lipschitz condition in x G X uniformly 
in t G T. If tp G 3L4(T,X), then f(t,p(t)) is almost automorphic. 

Proof. For any sequence (s^) C II, there is a subsequence (s n ) C (s n ) such that 

lim f{t + s n ,x) = f(t,x) 

71—>-00 

is well defined for each t G T, x G X, and 

lim f{t -s n ,x) = fit,x) 

71— >00 

for each t G T, x G X. Since p G AAiff, X), there exists a subsequence (r n ) C (s n ) such that 

lim <p(t + r n ) = pit) 

71—>-00 
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is well defined for each f 6 T, and 

lim p(t - r n ) = p(t) 

n —^oo 

for each t e T. Since / satisfies the Lipschitz condition in x £ X uniformly in f 6 T, there 
exists a positive constant L such that 

\\f(t + r n ,(p{t + T n )) -f(t,<p(t ))|| 

< || f{t + T n ,(p{t + T n )) - f(t + T n ,<p{t)) || + || f{t + T n ,tp{t)) - fit,Cp{t ))|| 

< L\\<p(t + T n ) -<£(t)|| + Wf(t + T n ,<p(t)) -f(t,p(t))\\ -> 0, n —>• oo 

and 

||/0-T n ,^(t-T n )) -/(t,(^(t))|| 

< ||/(t-T n ,^(f-r n )) -/(t-T n ,^(*))|| + ||/(f — T n , <p{t)) ~ fit, (pit)) || 

< £||<£(£- T n ) - y?(t)|| + T n ,^(f)) - fit,(pit))\\ ->■ 0, n oo. 

Hence, for any sequence (s^) C n, there is a subsequence (r n ) C (s^) such that 

lim fit + T n , (pit + T n )) = fit, pit)) 

oo 

is well dehned for each f 6 T, and 

lim fit - T n , pit - T n )) = fit, <p(t)) 

n—too 

for each t G T. That is, fit, pit)) is almost automorphic. This completes the proof. | 

Definition 3.4. Let T be an almost periodic time scale. The graininess function fi : T —> M_,_ 
is said to be almost automorphic, if for every sequence (s n ) C n, there is a subsequence 
(s n ) C (s n ) such that 

lim pit + s n ) = pit) 

n—>oo 

is well defined for each t £ T, and 

lim pit — s n ) = pit) 

n—>■ oo 

for each f 6 T. 

In the following, in order to make the graininess function p have a better property, we will 
use Definition 12.31 as the definition of almost periodic time scales. 

From Corollary 15, Theorem 19 in [35] and Definition 13.41 we can obtain 

Lemma 3.6. Let T be an almost periodic time scale under Definition ^. Then the graininess 
function p is almost automorphic. 

Open problem 1: Let T be an almost periodic time scale under Definition ^. 1\ Whether or 
not the graininess function p is almost automorphic? 

Open problem 2: Let the graininess function p of T be almost automorphic. Whether or 
not T is an almost periodic time scale under Dehnition AS. 1\ ? 
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4 Automorphic solutions to linear dynamic equations 

Consider the linear nonhomogeneous dynamic equation on time scales 

x A (t) = A(t)x(t) + f{t), t E T, (4.1) 

where A : T —> M nxn , / : T —>- M n and its associated homogeneous equation 

x A {t) = A(t)x(t), t E T. (4.2) 

Throughout this section, we restrict our discussions on almost periodic time scales under 
Definition 12.31 and we assume that A(t) is almost automorphic on T, which means that each 
entry of the matrix A(t) is almost automorphic. 

Lemma 4.1. Let T be an almost periodic time scale, Aft) E 1Z(T , M nxn ) be almost automor¬ 
phic and nonsingular on T and the sets {H _1 (£)} t6T and {(/ + /x(t)H(t)) _1 } teT be bounded 
on T. Then, H _1 (t) and (/ + nft)Aft))~ x are almost automorphic on T. Moreover, suppose 
that f E AAfT, M") and (I4.2j) admits an exponential dichotomy, then (14. ip has a solution 
x(t) E AA{T, M”) and x(t) is expressed as follows 

/ t /»+oo 

Xit)PX-\ais))fis)As- / X(t)(I - P)X-\a(s))f(s)As, (4.3) 

-oo J t 

where X ( t ) is the fundamental solution matrix of (14.21) . 

Proof. We divide the proof into several steps. 

Step 1. A~ 1 {t) is almost automorphic on T. 

Let the sequence (s n ) C II. Since A{t ) is almost automorphic on time scales, there exists 
a subsequence (s n ) C (s n ) such that 


lim Aft + s n ) = A{t ) 

n—> oo 


is well defined for each t E T, and 


lim A{t — s n ) = A{t ) 

oo 


for each t E T. 

Given t E T and define A n = A{t + s n ), n E N. By hypothesis, the set {A“ 1 } n6 N is 
bounded, that is, there exists a positive constant M such that | A~ l \ < M. From the identity 
A- 1 — A^f = A~ l iA m — ArfjAi^f, it implies that { A n } is a cauchy sequence, in addition, it 
follows that {A- 1 } is cauchy sequence. Hence, for each t E T fixed, there exists a matrix S 
such that 

Ai 1 ^) ‘S'W- 

Then we have 

lim A n Af l = AA~ X = /, 

n—too 


u 






where / denotes the identity matrix, we obtain that A(t) is invertible and A 1 (t) — S(t ) for 
each t e T. Since the map A —y A is continuous on the set of nonsingular matrices, we can 
obtain 

lim A~ l (t + s n ) = 

n—> oo 

is well defined for each f 6 T. Similarly, we can get 

lim A~- X (t — s n ) = A~ l (t) 

n—> oo 


for each f G T. 

Step 2. (/ + /i(f)H(f)) _1 is almost automorphic on T. 

Since A(t) and fi(t) are almost automorphic functions, then for every sequence (s n ) C II, 
there exists a subsequence (s„) C (s n ) such that 

lim A(t + s n ) = A(t) and lim n(t + s n ) = ft(t) 

oo n—>-00 

are well defined for each f 6 T, and 

lim A{t — s n ) = A(t) and lim ft(t — s n ) = /d(t) 

n^-oo n—>00 

for each f G T. Therefore, we have 

lim (/ + A{t + s n )n(t + s n )) = / + A(t)ft(t) 

n^f -00 

for each f eT, and 

lim (/ + — s n )fti(t — s„)) = I + A(t)fi{t ) 

for each f 6 T. Hence, (/ + A(t)fi(t )) is almost automorphic on T. In addition, since A(t) 
is a regressive matrix, (/ + A(t)/J,(t)) is nonsingular on T. By hypothesis, the set {(/ + 
H(f) / u(f)) -1 }i gT is bounded. The proof is similar to the proof of Step 1, we obtain that 
(/ + A(t)^(t))^ 1 is almost automorphic on T. 

Step 3. The system (14.11) has an automorphic solution. 

Since the linear system (14.21) admits an exponential dichotomy, system (14. ip has a bounded 
solution x(t) given by 

/ t /‘-(-OO 

X(t)PX-\a(s))f(s)As - / X(t)(I - P)X-\a(s))f(s)As. 

-00 J t 

Since A(t), fi(t) and f(t) are almost automorphic functions, then for every sequence (s n ) C n, 
there exists a subsequence (s n ) C (s n ) such that 

lim A(t + s n ) = A(t), lim + s n ) = ft(t) and lim f(t + s n ) = f(t) 

n—>00 n—>■ 00 n—>oo 
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are well defined for each t £ T, and 


lim A(t — s n ) = A(t), lim /i(f — s„) = /i(f) and lim f{t — s n ) = fit ) 

n —^oo n—>-oo n—>-oo 

for each t e T. 

We let 

£(*) = [ X{t)PX- l (a{s))f(s)As 

J — OO 

and i 

S(f) = f M(t, s)f(s)As, 

J — OO 

where M(f, s) = lim A(t + s n )PX _1 (cr(s + s n )). 

n—>00 

Then, we obtain 


/■t+Sn /■* 

I X(t + s„)PA _1 (a(s))/(s)As - / M(t,s)f(s)As 


' —OO 

pt 


X{t + s n )PX (cr(s + s n ))f(s + s n )As — / M(£,s)/(s)As 


< 


' —OO 

pt 


' —OO 

pt 


+ 


+ 


X(t + s n )PX (a(s + s n ))f(s + s n )As - X(t + s n )PX l (a(s + s n ))f(s)As 

J —OO 

+ 5„,)PI"V(s + s„))/(s)As - / M(t,s)f(s)As 

•oo J — OO 

w(t + sjPI'Vfs + s„))(/(s + s n ) - f(s))As 

t 

(X(t + s n )PX-\a(s + s n )) - M(t, s))/(s)As . (4.4) 


In addition, since the function / is almost automorphic, we have / is a bounded function, 
limit both sides with (14.41) . then we can get 

lim B{t + s n ) = P(f) (4.5) 

n—>• oo 


for each f G T. Analogously, one can prove that 

lim B{t — s n ) = P(f) (4.6) 

n—> oo 


for each f G T. 

On the other hand, let 


r »+00 


C(f) = X(t)(/ - P)X“ >(s))/(s)As 
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and 

C(t)= [ N(t,s)f(s)As, 

J —oo 

where N(t, s ) = lim X(t + s n )(I — P)A' _1 (a(s + s ri )). Then, similar to the proofs of (14. 5 p and 

n—>■ oo 

(14.6p . we can prove that given a sequence (s n ) C II, there exists a subsequence (s n ) C ( s n ) 
such that 

lim C(t + s n ) = C{t) 

n—>• oo 


for each f G T, and 


lim C(t — s n ) = C(t) 

n—>oo 


for each t G T. 

Finally, we define x(t) = B(t) — C(t), then by the definition of x from (14.31) . one can prove 
that given a sequence (s n ) C II, there exists a subsequence (s n ) C (s n ) such that 


lim x{t + s n ) = x{t) 

oo 


is well defined for each t G T, and 


lim x{t — s n ) = x(t) 

oo 

for each t 6 T. Hence, x(t) is an almost automorphic solution to system (14.11) . This completes 
the proof. | 

Similar to the proof of Lemma 2.15 in |3B], one can easily show that 

Lemma 4.2. Let Cj(t) be almost automorphic on T, where Ci(t) > 0, — q(£) G lZ + ,t Gl,i = 
1,2,... ,n and min {inf q(t)} = m > 0, then the linear system 

l<i<n tgT 

x A (t ) = diag(—Ci(f), -c 2 (t),..., -c n (t))x(t) 
admits an exponential dichotomy on T. 


5 An application 

In the last forty years, shunting inhibitory cellular neural networks (SICNNs) have been 
extensively applied in psychophysics, speech, perception, robotics, adaptive pattern recogni¬ 
tion, vision, and image processing. Hence, they have been the object of intensive analysis 
by numerous authors in recent years. Many important results on the dynamical behaviors of 
SICNNs have been established and successfully applied to signal processing, pattern recogni¬ 
tion, associative memories, and so on. We refer the reader to [37-44] and the references cited 
therein. However, to the best of our knowledge, there is no paper published on the existence 
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of almost automorphic solutions to SICNNs governed by differential or difference equations. 

So, our main purpose of this section is to study the existence of almost automorphic solutions 
to the following SICNN with time-varying delays on time scales 

x§(t) = —a.i j (t)xi j (t) — Y B ij(t)f( x ki(t ~ T k i{t)))xij(t) 

C k l&N r (i,j) 

~ Y C S^ [ g(xki(u))Auxij(t) + Lij(t), (5.1) 

C kl eN p (i,j) 

where t G T, T is an almost periodic time scale under the sense of Definition 12.31 i = 

1,2 = 1,2 Cij denotes the cell at the (i,j) position of the lattice, the r- 
neighborhood N r (i,j) of C\j is given by 

N r (i,j) = {Cki : max(|fc — i\,\l — j\) < r,l < k < m,l < l < n}, 

N p (i,j) is similarly specified, x i3 is the activity of the cell C l3 , L i} (t) is the external input to 
C^, a,ij(t) > 0 represents the passive decay rate of the cell activity, Bf’*it) > 0 and CfJ(t) > 0 
are the connections or coupling strengths of postsynaptic activity of the cells in N r (i,j ) and 
N p (i,j) transmitted to cell C l3 depending upon variable delays and continuously distributed 
delays, respectively, and the activity functions /(•) and g(-) are continuous functions repre¬ 
senting the output or firing rate of the cell Cm , Tuit) and 5ki(t) are transmission delays at 
time t and satisfy t — Tki(t) G T and t — 5ki{t) G T for f G T, k — 1, 2,..., m, l = 1,2,... ,n. 

The initial condition associated with system (15.ip is of the form 

Xij(s) = Vij(s), s G [—9, 0]t, i — 1,2,..., m, j — 1,2,..., n, 

where 6 = max { max rja, max }, <pa(-) denotes a real-value bounded rd- 

^ l<k<m,l<l<n l<k<m,l<l<n 

continuous function defined on [—6, 0]t- 

Throughout this section, we let [a, b]j = {t\t G [a, 5]flT} and we restrict our discussions on 
almost periodic time scales under the sense of Definition 12.31 For convenience, for an almost 
automorphic function / : T —> M, denote / = inf fit), f = sup f(t). We denote by R the set 

— teT tgT 

of real numbers, by R + the set of positive real numbers. 

Set 

x = {xij (t )} = (a?n(t),.. .,xi n (t),.. .,xn(t),.. .,x in (t),.. .,x ml (t)... ,x mn (t)) G R mxn . 

For Vx = {xij{t)} G R mxn , we define the norm ||x(t)|| = max^j \xij{t)\ and ||x|| = sup ||x(t)||. 

teT 

Let B = {(f\ (fi = {( Pijit )} = (^ll(t), • • • , ffl n(t), • • • , <Pil{t), • • • , ■ ■ ■ , • • • , <p m n(t))}, 

where ip is an almost automorphic function on T. For \Up G B, if we define the norm 
||<^||b = sup ||<^(t)||, then B is a Banach space. 

teT 

Definition 5.1. The almost automorphic solution x*(t) = (x*j(t)} of system (15.11) with initial 
value ip* = {p*j(t)} is said to be globally exponentially stable. If there exist positive constants 
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A with OA G 1Z + and M > 1 such that every solution x(t) = {xij(t)} of system (15.ip with 
initial value <p = {p>ij(t)} satisfies 

\\x - x*\\b < Me e x{t,t 0 )\\ip - Vt G [t 0 , +oo)t, t Q G T. 


Theorem 5.1. Suppose that 

(Hi) for ij G A = {11,12,, In,..., ml, m2 ,..., mn}, —a^ G TZ + , where 1Z + denotes the 
set of positively regressive functions from T to R, a^, B™, Cf-, r k i, Lij G B; 

(H 2 ) functions f, g G C(M, R) and there exist positive constants L*,L 9 , M*, M 9 such that for 
all u, v G R, 

\f(u) - f(v)\ < L f \u-v\, /(0) = 0, \f(u)\<M f , 

\g(u)-g(v)\<L 9 \u-v\, g(0) = 0, \g(u)\ < M 9 ] 

(H 3 ) there exists a constant p such that 

E B§Mfp?+ E CfjM^ + LTj 

C k l&N r (i,j) C k i£N p (i,j) 

dij 



max 

i,3 


and _ _ 

E B%(Mf + Lf)p+ E C%(M 9 + L 9 )5 kl p 

Cki€N r (i,j) Cki£N p (i,j) 

a ij 

Then, system (15.ip has a unique almost automorphic solution in E = {</? G B : ||<^||b < p}- 
Proof. For any given ip G B, we consider the following system 

a$(f) = -(Hjitjxijit) - BSWfiPkiit-Mt^pijit) 

c%(t ) 

c k ieN p (i,j) 

Since min {inf om-fi)} > 0 and — a,-,- G 1Z + , it follows from Lemma 2.12 that the linear 
system 



h-4ih) 


g(ip k i(u))Awp i:j (t) + Lij(t), ij = 11,12,..., mn. (5.2) 



max 


x£j(t) = -aij^Xijft), ij = 11,12,..., mn 

admits an exponential dichotomy on T. Tims, by Lemma 2.11, we obtain that system (15.2p 
has exactly one almost automorphic solution as follows 

x v (t) := {xfjft)} = if e_ ai .(t,a(s))(- ^ B , f l j (s)f(p kl (s-T kl (s)))p ij (s) 

^ J ~°° c kl eN r (i,j) 
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E C %( s ) [ g(<Pki(u))Au(pij(s) + L ij (s))As 

AT (A A\ J t— Skl(s) 


C ki eN p (i,j) ~t-6 M (s) 

Now, we define the following operator T : B —> B by setting 

T(ip(t)) = x v (t), V(/? G B. 

First, we will check that for any ip G E, Tip G E. For any p G E, we have 


||T(</?)|| b = sup max 
te t m 


e-aijit, <r(s)) ( - E B ij( s )f(w( s ~ T ki(s))Wij{s) 

C k i&N r {i,j) 


~ E f 

r- AT ! ; \ J t~ 


g(ip k i(u))Auip ij (s) + L^s)) As 


Ckl&Np(i,j) 


< sup max 
teT m 


-4i(s) 

e-oy (*, o-(s)) ( E - T k i(s)))<pij(s) 

c k ieN r (i,j) 

L~ 


+ E C S [ 9( l Pki(u))^u(p ij (sj] 

Ckl&N p (i,j) J t-Skl(s) 


As 


I *7 

+ max —- 


a. 


v 


< sup max 

teT m 


e -ay(^ (T ( S ))( E Sf/M / |^ W (s^Tfci(s))||^(s)| 

Ckl&Nr{i,j) 


E C S M ’ 

Ckl&Np(i,j) 

rt 


't-6ki(s) 


\(pki(u)\Au\(pij(s)\ }As \ + max — 


a, 




< sup max 

teT m 


e-oy(t,<r(s))( E B?]M f p 2 

Ckl&Nriij) 

E C o M ^d 2 )As} + ma 


Lij 


C k i&N P (i,j) 


< max 


ax < - 

d { 


E BfjM-fp 2 + E C%MV5 kl p 2 + U 

f C kl eN r (i,j) C k i€N p (i,j) 


a. 


v 


<P- 


Therefore, we have that ||T(<^)||b < p. This implies that the mapping T is a self-mapping 
from E to E. Next, we prove that the mapping T is a contraction mapping on E. In fact, for 
any ip, ij} G E, we can get 

||T( V )-TW||, 

= su p l|r(^)(0 — T(ip)(t)\\ 


teT 


= sup max 

teT *>i 


e-ay a ( S )) ( E B S ( S ) - ni(s)))<Pij(s) 

C k i€N r (i,j ) 
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-f(^kl(s - Tfcl(s)))^-(s)] + Y C ij( S ) i 

c H eN p (i,j) 


t-Skl(s) 


g( i Pki(u))Auifij(s) 


Jt-S k i(s) 

< sup max 
te t 


g(i>ki(u))AuiJi j (s )]) As 


e -aii(^ (7 ( s ))( Y 5 §|/(¥ , «( s -' r «( s )))|l¥ , ii( s )-V’ii(«)l 

CkieN r (i,j) 


Y C ij\ [ g{Vki(u))Au\\(p i:j (s) -'Ipijis)]) As 

Ckl&N p (i,j) Jt—5ki(s) 


+ sup max < / e- a ..(t,cr(s))[ V 5g|/(^ w (s - r w (s))) - f(^ k i(s - 7w(s)))| 

tgT l J - 0 o — V - ^ 


CkieN r (i,j) 

{g{Vki{u)) -^(^(w)))Au||^(s)| 


x kMs)|+ eg | / 

c k ieN p {ij) 

[ e_oy(t,a(s))( ^ 5gM / |^ w (s-r w (s))||^ y (s)-‘0ii(s)| 

_ °° C kl eN r (i,j) 


< sup max 

ZgT 


E /?/ 


C k i€N p (i,j) 


M 9 \(p k i(u)\Au\ipij(s) - ^ij(s )|) As 


+ sup max 

teT hi f i-oo 


e-oy(t,o-(s))( X] S t? L/ l¥ , «( s “ Az(s)) - V'fcKs - Az(s))| 


x|^i(s)|+ C% 

c k ieN p (ij) J t-Ski(s) 
< sup max < / 

ZGT hi [ i-oo 


CkieNr(i,j) 

L 9 \(fki(u ) - V’w(w)|A«||'0ii(s)| 


sup max 

tgT hi 


e _ s («,ff( S ))( £ B*}M f p + V c§m»w)a« [lb- iJIIb 

c H eN r (i,j) c kl eN p (i,j) J 

e -a „ (t, cr(s)) ( ^ BVL f p+ Y Cij^hiP^Aslwtp-ipWj 


CklEN r (i,j) 


CkieN p (i,j) 


< max 
hi 


E + L^)p + E Cg(Ms + L*)<W 

C k iGN r (i,j) C k ieN p (i,j) 


a, 


ij 


IIv’-V'IIb- 


By (if 3 ), we have that ||T(<£>) — T(^)|| B < ||<^ — ^Hb- Hence, T is a contraction mapping from 
E to E. Therefore, T has a fixed point in E, that is, (15. ip has a unique almost automorphic 
solution in E. This completes the proof. | 


Theorem 5.2. Assume that (Hi)-(H 3 ) hold, then system (15.ip has a unique almost automor¬ 
phic solution which is globally exponentially stable. 
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Proof. From Theorem 15.11 we see that system (15.ip has at least one almost automorphic 
solution x*(t) = with the initial condition <p*(t) = { Ptjif )}• Suppose that (rc(t)} = 

{(x*-(i)} is an arbitrary solution with the initial condition <p(t) = {<fiij(t)}. Set y{t) = 
x(t) — x*(t), then it follows from system (15.111 that 



c k ieN r (i,j) 

ft 


-f( x kl( t ~ T kl( t ))) x ij( t )) “ C S^ 

CkieN p (i,j ) 

' [ 9 (x* kl (u))Aux^{t) 

Jt-8 k i(t) 


' t-S k i(t ) 


g{xki(u))Auxij(t ) 


(5.3) 


for i — 1, 2,..., m, j — 1, 2,..., n, the initial condition of (15.3p is 


se[-0,O] T , ij = 11,12,..., mn. 

Then, it follows from (15.31) that for i = 1,2 ,,m, j = 1,2 ,,n and t > t 0 , we have 

Vij(t) = yij(to)e~ aij (t,t 0 ) - j e_ ai .(f,cr(s))| Y B%(s) (f(x k i(s - r w (s)))x ii (s) 

Jt ° ^ c kl eN r (i,j) 

-f( x ti( s - T ki(s)))x*j(s)) + Y C ij( s ){ [ g(x kl (u))Aux^s) 

c u *n,M) K ^-s kl (s) 

- [ £(4*(“)) A ^( s ))) As - ( 5 - 4 ) 

Js-8 kl (s) ' J 

Let Sij be defined as follows: 

Sijioj ) = ctij — u> — exp(a; sup p{s))Wij{uj), i — 1,2,..., m, j — 1, 2,..., n, 

- sGT 

where 

Wij{u) = ( Y B§Mfp+ Y C%(M 9 + L^pex p {*} 

C k iGN r (i,j) C kl eN p (i,j) 

+ B§L f pexp{wTkiY), i — 1,2,... ,m,j — 1,2,... ,n. 

CkieN r (i,j) 

By (H 3 ), we get 


Sij( 0) = Oij - Wy(0) >0, i = 1,2,... ,m,j = 1,2,... ,n. 

Since is continuous on [0,+oo) and Sij(u>) —> —oo, as u —> +oo, so there exist fij > 0 
such that Sij(fij) = 0 and Sij(co ) > 0 for u e (0, fij), i = 1,2 ,... ,m, j = 1,2,... ,n. Take 
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a = min we have SL(a) > 0,i = 1,2,... ,m,j = 1,2,... ,n. So, we can choose a 

positive constant 0 < A < min |a, min {a,-,}) such that 


Sij( A) >0, i = 1,2,.. .,m, j = 1,2,... ,ra, 


which implies that 


exp(Asup n(s))Wij( A) 

seT 

O'ij A 


< 1, i = 1,2,... ,m,j = 1,2,... ,n. 


(5.5) 


Let 


M = max 


l<i<m,l<j'<n Wijiy 0) J 

by (iL 3 ) and (15. 5p . we have M > 1. 

Moreover, we have e e \(t,to) > 1, where t < t 0 . Hence, it is obvious that 


\\y(t)\\B < Me e x(t,t 0 )\\^\\n, Vt G [t 0 - #,t 0 ] T , 
where A G 1Z + . In the following , we will show that 


lb(*)||n < Me eA (t,to)||V’lk Vt G (to, +oo)t- (5.6) 

To prove (15.611 . we first show that for any p > 1, the following inequality holds: 

\\y(t)h <pMe e x(t,t 0 )\\ip\\Mi VtG(t 0 ,+ oo)t, (5.7) 

which implies that, for i = 1,2 ,,m, j = 1,2 ,... ,n, we have 


|^(t)| < pMe eA (t,t o )||'0lk Vt G (t 0 , +oo)t- (5.8) 

If (15.8p is not true, then there exists ti G (to, +oo) T such that 

\yij(ti)\ > pMe eA (ti,t 0 )||^|| B , 

< pMe eX (t, t 0 ) HV’Hb, Vt G (t 0 , ti) T - 


Therefore, there must exist a constant c > 1 such that 

| = cpMe eA (ti,t 0 )|klk 

|l/ij(t)| < cpMe eX (t, t 0 ) ||^||b, Vt G (t 0 ,ti) T - 
Note that, in view of (15.4p . we have that 


|3/tf(fi)l = 


'to 


J/ij(to)e-ay(ti,t 0 ) - / e_ ai .(ti,a(s))<j ^Jf(s)(/(x fct (s - r w (s)))^(s) 

C k l&N r {i,j) 
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-f( x kl( s ~ T kl( s ))) x ij( s )) + Y1 C ij( S ) 

Ckl&N p {i,j) 


g(x k i(u))Aux i:j (s) 


s-Ski(s) 


' s-Ski(s) 


9( x ki( u )) Au x*j(s)l }As 


< e- aij (ti,t 0 )\\ip\\n+ I e_ aii (t 1 ,a(s))<j Y B$\f(x k i{s - T W (s)))a^-(s) 

Ckl£N r (i,j) 


'to 


^f( x h( s - T ki(s)))x* j (s)\+ Y C ij [ g( x k l (u))Aux ij (s) 

C k i€N p (i,j) Js ~5kl(s) 


' s-5ki(s) 


9( x h( u )) Aux ij( s ) 


As 


< e- a . j (t 1 ,t 0 )\\ip\\ B + I e_ 0iJ .(i 1 ,a(s))^ Y B$M f \xu{s - T W (s))||?/ ii (s)| 

Ckl&N r (i,j) 


'to 


E <%f 

s- AT ( ■ -\ J S — 


_ _ M 9 \x k i{u)\Au\y ij (s)\ 

C k ieN p (i,j) J *-Skl(s) 


Cki&N r (i,j) 


+ c § [ L 9 |t/w(«)l A «|l^(s)l)} 

f.; •'S - $kl( s ) J 


As 


C k i€N p (i,j ) J s-*kl(s) 

< e_ a (ti, t 0 )HV'IIb + q?Afe eA (£i,to)||V’lli 


e -a;,©A(^lj ^(s)) 


'to 


x| B^M f pe x (a(s),s) + ^ C^M 9 S u pe x (a(s), s - 5 kl (s)) 

Cki€-N r (i,j) Cki(zN p (i,j) 

+ Y B ij Lf P e aW«)|S' - r fc'( s )) 

Ckl&N r (i,j) 


+ C^L 9 5kipe x (a(s),s - 5 ki (s 

c k ieN p (i,j) 

< e-aM i, t 0 )HV'IIb + cpMe eA (ti,to)||V ; ||i 


As 


e -a;,©A(^li ^(s)) 


'to 


x | ^ p exp { A sup p (s)} 

Ckl£N r (ij) seT 

+ Y C^jM 9 S ki p exp {A(4; + sup/t(s))} 

Cu&N p {i,j) sGT 

+ ^ Bgl/pexp {^(az + sup /i(s))} 

Ckl&N r {i,j) 


sST 


21 



+ CVL 9 8 k ipexp{\( 5 k i + swpn(s))}} As 

Ckl&N p (i,j) seT 

cpMe Q x(ti, ^o)IIV'II b'S -^j7e- aij(B x(ti,t 0 ) + exp {A sup /z(s)} B%M f p 

^ Cp SST C kl eN r (i,j) 

+ ^2 C ij(M 9 + L 9 )5kipexp {A 4 j} + ^2 B ijL f pexp {\Tfi} 


C k i£N p (ij) 

x [ e_ 0 .. ffiA (ii,a(s))As 


Cki£N r (i,j) 


J to 

< cpMe eA (ti, to) Ill’ll® j + exp (Asup^(s)} B^M } p 

^ SST C kl &N r {i,j) 

+ ^ C%(M 9 + L 9 )8 k ipexp {A4;} + ^ B^L f pexp {\Wi} 

Cki€-N p (i,j) Cki^N r (i,j) 


X- 


-K~\)J t0 v ^ 

= cj 9 Me eA (ti,to)||' 0 || 


(-(o*i - A))e_ K ._A)(ti,a(s))As 


exp |Asup/i(s)} 

J seT 


M 


Q>ij A 


E B v M 'p 

CkieNr(i,j) 


+ C^(M 9 + L 9 )5kipexp {X6 ki } + B%L f pexp {\t h } 

Ckl&N p (i,j) Cki&N r (i,j) 

exp {Asup/i(s)} 


Xe -(dij-A)(^l Ao) + 


seT 


Q>ij A 


£ BVMtf, 

Ckl&N r (i,j) 


+ ^ C ij(M 9 + L 9 )S k ipexp {A£ w } + BfjL f pexp {At w } 

Ckl&N p (i,j) C k i€N r {i,j) 

< cpMe eX (t 1 ,t 0 


which is a contradiction. Therefore, (15.71) holds. Letting p —> 1, then (15.6|) holds. Hence, we 
have that 


\\y(t)\\n < Me e x(t,t 0 )||^||b, Vt e (t 0 ,+ oo) T , 

which means that the almost automorphic solution of system (15.ip is globally exponentially 
stable. The proof is complete. | 

Remark 5.1. Theorems \5.1\ and \5.2\ are new even for the both cases of differential equations 
(T = R) and difference equations (T = Z). 
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6 An example 

In this section, we will give examples to illustrate the feasibility and effectiveness of our 
results obtained in Sections 5. 

Consider the following SICNNs with time-varying delays: 

= -Oijtyxijit) - 

Cki£N r (i,j) 

~ <?“(*) / g(x k i(u))AuXij(t) + L i:j (t), (6.1) 

where i = 1, 2, 3, j = 1, 2, 3, r = p = 1, f(x) = 0.051 cosx|, g(x) — j|J, t e T. 

Example 6.1. If T = M, then g(t) = 0. Take 

/ an(t) ai 2 (t) ai 3 (t) \ / 3 + |sin£| 4 + | cos-\/2£| 2+|sin£| \ 

I a 2 i(t) a 22 (t) a. 23 (t) J = 2+|cos(if)| 5+|sin2£| l + |cos2£| 1 , 

\ a 3 i(t) a 32 (t) a 33 (t) J y 4+|cos2£| 3+jsin2fj 2+|cos£| / 

/ B u {t) B 12 (t) B 13 (t) \ ( C n {t) C 12 (t ) C 13 (t) \ 

I B‘2\(t) B 22 (t) B 23 (t) J = I C 21 {t) C 22 (t) C 23 (t) J 

\ B 3 i(t) B 32 (t ) B 33 (t) J y C 3 \(t) C 32 (t) C 33 {t) ) 

/ 0.11 cosf| 0.2|cos2£| 0.11 sint| \ 

= I 0.11 sin 2t| 0.11 cos 0.2| cos 2t| J , 

y 0.11 cosf| 0.2|cos2£| 0.11 cos^| J 

/ L u (t) L 12 (t) Li 3 (t ) \ / 0.1 sin t cos t 0.2sin t \ 

| L 21 (t) L 22 (t) L 23 (t) J = I 0.2sin! 0.4sin t 0.1 sin t J , 

\ L 31 (t) L 32 (t ) L 33 (t ) J yO.lsint 0.3sinf O.lcost J 

( £>n (t) S 12 (t) S 13 (t) \ / 0.5 + 0.5 sin t cos t 0.7 + 0.2 sint \ 

I 5 2 i{t) 5 22 (t) S 23 (t) J = I 0.8 + 0.2sinf 0.2 + 0.4sin£ 0.7 + 0.2sinf J . 
y S 3 i(t) 5 32 (t) S 33 (t) J y0.9 + 0.1sinf 0.6 + 0.3sint 0.4 + 0.4cos£ J 

Obviously, (Hi) holds. Clearly, we have 

M f = M 9 = 0.05, L f = L 9 = 0.05, ^ C[{ = 0.5, 

c fc! eJVi(i,i) c w ewi(i,i) 

E 1= E E ^1= E Hi =o.6, 

Cfci eA£i (1,2) C fc; eATi(l,2) C kl eN!(l,3) CkieNj.il,3) 

E Hi= E Hi = 0.8, y. Hl = E Hl = ix 

C k ieN 1 (2,l) C fci 6lVi(2,l) C k i£Ni(2,2) C*,;eJVi(2,2) 
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V B«= v C|] = 1 , V Bg = V eg =0.5, 

C+GlVi(2,3) C+€ iVi(2,3) C+eA+3,1) C^iSA r i(3,l) 

E ®i= E ^l= 0 - 8 . E ^1= E ^=°' 6 

Ckl&N i(3,2) C+eA+3,2) Cki&Ni( 3,3) C+G./Vi(3,3) 

and we can easily check that max — = 0.25. Take p = 1, t/ien 

fiii 

E W M V+ E C§M^p 2 5^+ L~J 

CueNrfiJ) Cki£N p (i,j) 

a ij 

and 


| ~ 0.2669 < p = 1 


max 


max 


E BV(Mf + Lf)p+ E C^J(M 9 + L 9 )p8, 


Ckl£N r (i,j) 


C'kl£N p (i,j') 


*3 


kl , 


*13 


0.5337 < 1. 


T/ie combination of the above two inequalities means that (H 3 ) is satisfied for p = 1. 

Therefore, we have shown that assumptions (Hi)-(Hf) are satisfied. By Theorem I5.il 
system (16.11) /ias exactly one almost automorphic solution in E = {99 e B : ||<^|| B < p}. 
Moreover, by Theorem \5.2\ this solution is globally exponentially stable. 


Example 6.2. If T = Z, then pft) = 1. Take 


( a u (t) a 12 (t) a 13 (t ) 
a 2 i(t) a 22 (t) a 23 (t) 

\ «3i(0 a 32 (t) a 33 (t) 


0.3 + 0.11 sin 11 
0.2 + 0.21 cos(|t)| 
0.4 + 0.11 cos2t| 


0.4 + 0.11 cos y/2t\ 
0.5 + 0.11 sin 2t| 
0.3 + 0.2| sin2t| 


0.2 + 0.11 sini| \ 
0.1 + 0.11 cos 2 t| 1 , 
0.2 + 0.11 cos / 


( B u (t ) B l2 (t) B 13 (t ) \ 
I B 2 i(t) B 22 (t ) B 23 (t ) I 
\ B 3 i(t) B 32 (t) B 33 (t ) y 


/ C'n(t) C^t) C 13 (t) \ 

I C2i(£) C 22 (t) C 23 (t ) I 

y C31 (^) c 32 {t) c 33 (t ) y 

/ 0.02| cos11 0.02|cos2t| 0.03| sin11 \ 

| 0.011 sin 2 t| 0.011 cos^| 0 . 02 |cos 2 t| J , 

y 0.03|cost| 0.02|cos2t| 0.011 cos11 J 


/ Lu(t) L 12 (t) Li 3 (t) \ / 0.01 sint 0.01 cost 0.02 sint \ 

I L 2 i(£) L 22 (t) L 23 (t ) J = I 0.02sint 0.04sint 0.03sint J , 
y L 3 i(t) L 32 (t) L 33 (t) y y 0.01 sint 0.03sint 0.02 cost J 


/ <5n(t) 5i 2 (t) 5i 3 (t) \ / sint 0.9cost 0.2 + 0.5sint \ 

j S 2 i(t) S 22 (t) S 23 (t) J = I 0 . 2 + 0 . 8 sint 0.4+ 0 . 6 sint 0.1 + 0.9sint J 
V 631(t) S 32 (t) d 33 (t) y y sint sint 0.7 + 0 . 2 cost J 


24 













Obviously, (Hi) holds. Clearly, we have 


M f = M 9 = 0.05, L f = L 9 = 0.05, ^ B\[ = ^ C\{ = 0.06, 


E 5 

c fc ieJVi(i,2) 

E « 

c w eJVi(2,i) 


kl _ 
12 — 


E B 

CfciS Ali (2,3) 
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E C S = 0 - 11 . E B “= E C« = 0 , 08 , 

C feJ elVi(l,2) C^iGA r i(l,3) Cw€iVi(l,3) 

E eg = 0.11, ]T Bg= E ^ = 0 - 17 . 

C fc/ eAT 1 (2,l) CfciGlVi(2,2) C fei GlVi(2,2) 

E ^=0.11, E 1= E Cl = 0.07, 

C k iGN i(2,3) C^iGA r i(3,l) C^fcz SiVi (3,1) 


E B 

CfciGATi(3,2) 


kl _ 
32 — 


E eg = 0 , 1 , Bg= E eg = o.o6 

0 H eiVi (3,2) Cki&Ni(3,3) C k i£Ni(3,3) 


and we can easily check that max — = 0.15. Tafce p — 1, then 

i,i Eii 

E WjM f P 2 + E C^M 9 p 2 i; i + L~ j 


( Cki€N r (iJ) 


max < ■ 

5 t 


CfeiGA'p(ij') 


a. 


IJ 


0.1904 < p = 1 


and 


max 


ax < - 


E Sg(M^ + L0p+ E C^j(M 9 + L 9 )p8ki 

f C kl eNr(i,j) C k iGNp(i,j) 


*13 


0.3657 < 1. 


27ie combination of the above two inequalities means that (H-f) is satisfied for p = 1. 

Therefore, we have shown that assumptions (Hi)-(Hf) are satisfied. By Theorem 1,7.11 
system (16.11) has exactly one almost automorphic solution in E = {p e B : ||<^||b < p). 
Moreover, by Theorem 1 5. HI this solution is globally exponentially stable. 


7 Conclusion 

In this paper, first a new concept of almost periodic time scales and a new definition of 
almost automorphic functions on almost periodic time scales are proposed and some basic 
properties of them are studied. Two open problems concerning the relationship between the 
algebraic operation property of elements of a time scale and analytical property of the time 
scale are proposed. Then, based on these concepts and results, the existence of an almost 
automorphic solution for both the linear nonhomogeneous dynamic equation on time scales 
and its associated homogeneous equation is established. Finally, as an application of the 
results, the existence and global exponential stability of almost automorphic solutions to a 
class of shunting inhibitory cellular neural networks with time-varying delays on time scales 
are obtained. 
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